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The topological behaviour of the electron density (p) derived from correlated
wavefunctions is analyzed for Li,, Liy(D,,), Lis(C,,), and Lig(Ds,) planar
clusters considered in their optimal geometry. The topology of p of Li, shows
an unusual maximum located at the midpoint of the Li-Li equilibrium dist-
ance. The occurrence of maxima of p at positions other than nuclei (charac-
teristic also for planar Li,, Lis, and Lig clusters) implies the existence of
molecular subspaces (bounded by zero-flux surfaces in the gradient of p at
each point of the surface) which do not enclose a nucleus but still satisfy the
virial theorem. This result provides a generalization of Bader’s quantum theory
of atoms in molecules to systems in which electrons behave partially as mobile
metallic electrons. Maxima of p preferentially occur within the triangles (two
in Li,, two in Lis and three in Lis), while the number of maxima at the Li-Li
midpoint is minimized: they are present only when the existence of a maximum
within a triangle is not allowed because of the non suitable formal valence
of the Li atoms involved. All the cluster atoms are bonded to “attractors”
associated with the unusual p maxima, but they are not directly bonded to
each other. The cluster stability is found to be dependent on the number and
kind of p maxima. The topological analysis clearly differentiates between Li
atoms which occupy different coordination positions within the cluster in
terms of their local and average properties. In particular, the degree of sp
hybridization is markedly different for Li atoms with two, three or four nearest
neighbors. This implies that a unique definition of a reference valence state
for atoms in clusters is impossible. As a consequence, the use of standard
electron density difference maps for the description of the charge accumulation
and depletion process which ensues the chemical bonding, appears rather
questionable.
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1. Imtroduction

In the recent years the problem of the electronic structure of metal clusters has
challenged the interest of several research groups [1, 2]. While accurate studies
on transition metal clusters are scarce, due to obvious theoretical and computa-
tional difficulties, the field of light atom clusters has been successfully investigated
also with advanced quantum mechanical methods. In this context, the alkali
metal clusters represent a very special case: systematic investigations have been
carried out with different methodologies and, quite interestingly, a general agree-
ment has been reached as for the optimal geometry of Li,, and Na, clusters, at
least of those of low nuclearity (n <8) [3-10].

The available results allow one to formulate few general rules governing the
cluster stability and the topology involved in the cluster growth [11]. These rules,
applied to the case of the Li, clusters, can be summarized as follows: (i) the p
polarization functions on each Li center play a crucial role in determining both
the basic geometry and the stability of the clusters. The involvement of 2p atomic
orbitals is an indication of a partial sp hybridization, to an extent which markedly
depends upon the particular situation (coordination number, surface or bulk
character) of each lithium atom,; (ii) for a given cluster nuclearity the most stable
forms often are not the most symmetric ones, due to the occurence of Jahn-Teller
distortions; (iii) up to Lis, the most stable cluster geometries are planar, being
composed of equilateral (or slightly deformed) triangles [10, 12]. Lig in its planar
D,, form is nearly degenerate with the pentagonal pyramid (Cs,) [10, 13, 14].
The Lig cluster represents the transition point from planar to three-dimensional
structures (the most favorable for clusters of higher nuclearity) which are built
from basic tetrahedral units [10, 15].

Some of the aspects connected with the above mentioned rules have evident
effects on the global electron density of the cluster which has been analyzed on
the basis of orbital densities [15], total densities [8, 10] or electron difference
maps (EDM) [10, 16]. However, no quantitative analysis of the spatial behaviour
of the charge density has so far been attempted. Moreover, the EDMs obtained
by subtracting the spherical densities of the constituent (non interacting) atoms
may be in error when the bond formation is accompanied by an important sp
hybridization [17], the degree of which may be different for different atoms.
Therefore, a rigorous analysis of the electron density in lithium clusters must be
carried out with a method which in principie avoids the arbitrariness of the
definition of the reference atomic densities and which provides, at the same time,
a quantitative interpretation of the density distortions related to the bond for-
mation.

A topological analysis of the charge density according to the quantum theory of
atoms in molecules [18] meets all these requirements.

In this paper the results of such an analysis are presented for planar lithium
clusters up to Lig, considered in their optimal conformations obtained from all
electron Hartree-Fock (HF) and Configuration Interaction (CI) calculations

[5, 10, 14].
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2. Computational method

Hartree-Fock and correlated wave functions have been determined for Li,, Li,
(Dy), Lis (Cs,), planar Lig (Ds;,) and pyramidal Lis (Cs,) (see Chart) using a
basis set of the type [6s1p/2s1p] (basis A) [20] which has been proved to give
reliable results for the stability of lithium clusters in comparison with the results
obtained with an extended basis [10]. In order to prove that the kind and location
of the critical points of the cluster electron densities do not depend to a large
extent upon the choice of the basis set, three more extended basis sets have been
considered: [9s2p/7s2p], [9s3p1d/7s3p1d] [5] and an uncontracted [15s3p1d]
[21] basis denoted in the following as basis B, C and D, respectively.

The Li, molecule has been analyzed with all the basis sets, Li, cluster with basis
A and B, while the larger clusters have been studied only with the small basis
set A.

The correlated wave functions have been computed with the MRD CI method
[22], including all the HF canonical valence and virtual orbitals in the active
space while keeping the core orbitals frozen. The number of reference configur-
ations and the selection energy threshold are such that the resulting CI wave
functions are at least as accurate as those previously determined in the geometry
optimization [5, 10, 14]. The details of the MRD CI treatment are reported in
Table 1.

The electron densities employed in the topological analysis were obtained from
CI natural orbitals and in few cases also from HF orbitals in order to elucidate
the effects of the electron correlation.

The electron densities p(r), were analyzed by means of the AIMPAC package
of programs [23], according to the following steps:

(a) location, by means of a Newton-Raphson procedure, of the critical points
r,, of p(r), i.e. the points were the gradient of p, (Vp) vanishes;

Table 1. Electronic properties of Li clusters computed at MRD CI level

Cluster Basis set Ground state R, (a.u.) Eg (au.)
Li, A [651p/251p] s} 5.28 —14.78369
Li, B [952p/752p] =y 5.10 —14.89181
Li,? B [952p/9s2p] =y 5.10 —14.92664
Li, C [9s3p1d/7s3pld] 7 5.10 —14.89590
Li, D [15s3p1d/ 15s3p1d]  'I; 5.05° —14.90229
Liy(D,,) A [6s1p/2s1p] ‘A, 5.82° —29.59120
Liy(D;5) B [9s2p/7s2p] A, 5.82° —29.80259
Lis(Cy,)° A [6s1p/2s1p] ZA, 5.86 —36.99503
Lig( D5, )¢ A [6s1p/2s1p] Y 6.01 —44.40715

2 With correlation of the core orbitals

® Experimental distance (not optimized)

©10M, T =0.05x107° hartree MRD CI treatment
410M, T =0.20 X 10"° hartree MRD CI treatment
® The internal angle is 58 degrees
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(b) characterization of the nature of the critical points according to the sign of
their curvatures, i.e. the eigenvalues A; (i=1-3) of the hessian matrix of p
evaluated at r,;

(c¢) evaluation of some properties of p(r) at the critical points, in particular at
the saddle points linking two neighbouring maxima. This latter analysis may be
particularly useful since, as shown for instance in [18c], the properties of p
computed at the minimum point of a path of maximum electron density linking
two maxima (i.e. three-dimensional attractors in the vector field of the charge
density gradient) is representative of the nature of the interaction involving the
two attractors.

In a few selected cases the computational steps (a), (b), and (c¢) have been
repeated also for another scalar field, that is the Laplacian of the charge density,
defined as the trace of the Hessian matrix of p. In the case of Li, and Li,, a
numerical integration of properties (including charge, energy, volume, etc.) within
quantum subspaces has been performed by employing a spherical coordinate
system and standard Gaussian quadrature formulas. Because of the zero-flux
surface condition - see below - the integral of V?p within a quantum subspace
should vanish and the extent to which this condition is satisfied is a test of how
well the surfaces of zero-flux have been approximated. In the present study, the
adopted accuracy of integration is high enough to guarantee that the value of
the integrated Laplacian does not exceed 5x10™* a.u.

A concise presentation of the theory is given in the Appendix and further details
relevant to the discussion of some selected features are outlined in the text. The
main parameters used in the topological analysis and their corresponding nota-
tions are collected in Table Al.

3. Charge density analysis of the Li, molecule

The properties of p at its critical points are listed in Table 2 (HF, basis sets
A, B, C, D) and Table 3 (MRD CI, same basis sets). In Table 4 the data concerning
the critical points of p and —V?p are reported for basis C at various Li-Li
distances.

All the results obtained on Li, show the rather unusual behaviour of p which
exhibits a maximum at the Li-Li midpoint, a feature pointed out long ago by
Besnainou et al. [19]. This unusual fact deserves a detailed discussion since it is
of basic importance to understand the peculiar properties of the Li-Li interaction
both in the Li, diatomic and in the Li clusters (see below).

The first general observation is that the electron density usually exhibits local
maxima only at the positions of the nuclei. This fact, which is equivalent to
assume that the nuclei are the only three-dimensional attractors (in the real
space), allows one to define an atom in a molecule as the union of an attractor
and its basin [24]. On this basis, a molecular system may be partitioned into a
set of non overlapping basins each one containing a single nucleus. The atoms
in a molecule are bounded by zero-flux surfaces in Vp(Vp(r) - n(r)=0Vre S(r),
where n(r) is the unit vector normal to the surface S at r. The fulfilment of this
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Table 2. p critical point data for Li, evaluated at the Hartree-Fock level with different basis sets®

Critical point Ryid At 100 A 2100 p-10°  py/ps® Vp-10° H-10°
Basis set A

(3,-3) 2.679 —3.78 —2.87 1.17 — -7.53 =239
3,-1) 1.740 29.99 —3.48 1.02 1.14 23.02 —-031
Basis set B

(3,-3) 2.639 -2.70 -3.71 1.23 — -10.12 -2.61
3,-1) 1.836 13.15 —4.13 1.16 1.05 488 —-2.22
Basis set C

(3,-3) : 2.637 -3.55 -3.74 1.28 — -11.04 -2.84
(3,-1) 1.827 14.46 -4.62 1.21 1.06 522 =215
Basis set D

(3,-3) 2.526 —4.45 -4.02 1.37 — —-1248 —-3.29
(3,-1) 1.785 16.80 -5.14 1.29 1.06 6.51 —2.20

* All quantities in au
® Distance of the critical point from the nearest atom
¢ Ratio of the charge density values at the maximum and at the (3, —1) saddle critical point

Table 3. p critical point data for Li, evaluated at the MRD CI level with different basis sets?

Critical

point Rypii® A+ 10° A 210 p- 10 py/usd Vip-10° H-10° G,/G,
Basis set A

(3,-3) 2.604 -3.90 -2.36 1.07 — -8.62 231 —
3,-1) 1.759 26.10 -2.93 0.96 1.12 2024 —0.40 97
Basis set B

3,-3) 2.550 -2.99 -3.70 1.24 — -10.40 -2.92 —
3,-1) 1.862 10.87 —4.28 1.20 1.03 231 250 46
Basis set B¢

(3,-3) 2.550 -2.99 -3.82 1.27 — -10.65 -2.96 —
3,-1) 1.869 10.68 —4.43 1.23 1.03 1.82 2.8 59
Basis set C

(3,-3) 2.550 —4.32 -3.74 1.35 — —-11.80 -3.43 —
3,-1) 1.811 15.37 -4.72 1.28 1.05 592 -2.55 25
Basis set D

(3,-3) 2.526 —4.52 -3.77 1.37 — ~12.08 -3.54 —
3,-1) 1.784 17.03 —4.88 1.29 1.06 7.28 -236 25

# All quantites in au

® Distance of the critical point from the nearest atom

°Ratio of the charge density values at the maximum and at the (3, —1) saddle critical point
9 Including core electrons correlation
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Table 4. p and —V?p critical point data for Li, at different Li-Li distances (CI, basis C)?

p critical points

Critical
R point Ryi® Ap10° A, -10° p-10  pp/ps® V3p-10° H-10°
4.0 (3,-1) 2.000 063 047 171 — -8.77 =575
45 (3,-3) 2.250 -588  —4.24 157 1.02 —14.35 —4.87
(3,-1) 1.787 1442  -556 154 — -330 -3.81
5.0 (3,-3) 2.500 -4.76  -3.84 139 1.05 -12.43  -3.66
(3,-1) 1.803 1574 491 132 — 592 271
5.5 (3,-3) 2.750 -264  -331 119 1.07 —926 —2.62
(3,-1) 1.852 13.01 -394 111 — 512 —2.04
6.0 (3,-3) 3.000 -1.02  -274 100 1.06 -6.49 -1.84
(3,-1) 1.919 910  -3.02 094 — 3.07 -—1.64

~V2p critical points

Critical
R point Roppi® wyt 10 w4100 p-10? Vip-10°
4.0 (3,+1) 2.000 -3.60 234 1.71 -8.77
5.1° (3,~3) 2.550 -2.05 —0.62 1.35 —-11.80
6.0 (3,-1) 3.000 0.38 —-0.41 1.00 —6.49
(3,-3) 2.548 —10.08 —0.37 0.99 ~6.71

# All quantities in au

® Distance of the critical point from the nearest atom

°Ratio of the charge density values at the maximum and at the (3, —1) saddle critical point
9 Eigenvalues of the Hessian matrix of —V?p, evaluated at the critical point

¢ Equilibrium distance

basic condition allows to treat atoms in a molecular system as quantum mechanical
subsystems for which physical observables and their expectation values are well
defined: every molecular property (including energy, for instance) can be decom-
posed in atomic additive contributions [18].

Experience has shown that the majority of molecular systems conform to the
above mentioned observation [18]. However, a few examples of molecules charac-
terized by an additional maximum of p at positions other than nuclei have been
reported by Bader et al. [18b]. The homonuclear diatomic molecules Li, (X '2}),
C, (X 's)), Li; (X °2]), Bes (X *2},7I1,), C5 (’11,) exhibit a (3, —3) critical
point, rather than a (3, —1) critical point (see Appendix) at the bond mid-point
[18b]. These few exceptions have been found out of a study on a total of near
Hartree-Fock charge densities for about 180 diatomic A,, AB and AH molecules.
In addition, until the observations reported in this paper, no non-nuclear maxima
had been found in the charge distributions of the very large number of polyatomic
molecules studied since the above examples were reported. The occurence of a
maximum at the bond mid-point cannot be ascribed to limitations in the adopted
basis set, since the charge densities of the above systems were obtained from
SCF wavefunctions near to the Hartree-Fock limit, expanded in a large basis of
Slater orbitals with optimized exponents. The results for Li, (see Table 2) confirm
the occurence of a maximum of p at the Li-Li midpoint, a result which seems
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to be substantially independent from the adopted basis set (A, B, C, or D). Since
it is well known that in the case of HF wavefunctions the value of p in internuclear
regions is overestimated with respect to the values obtained from correlated
wavefunctions, it has been supposed [18b] that the small local maximum in p
could be easily converted into a (3, —1) critical point by electron correlation
effects. However, the results obtained from our correlated wavefunctions for Li,
(see Table 3) do not confirm such an expectation. In fact, the valence electron
correlation, though decreasing the value of the equilibrium distance, r,, has no
significant effect on the qualitative topological features of the charge distribution.
The extension of the correlation treatment to the core electrons (for basis set B),
increases the charge density in the bonding region by a very small extent. This
allows one to conclude that Li, (X 12;) is characterized by an additional
maximum of the charge density at a position different from the nuclear ones
(Figs. 1 and 2) [25].

The general features of p are not modified when components of high angular
symmetry are included in the basis (Basis C) or when a nominal basis s (giving
an energy for Li(’S) extremely close to the HF limit) is adopted in a fully
uncontracted form in the SCF and CI calculations, thus allowing a great vari-
ational flexibility.

In Li, we note (Figs. 1 and 2) that the maximum (M) at the Li-Li midpoint and
the two intervening saddle points (S) are well separated as indicated by both the
ratio of their charge density values (pys/ps) and their relative distances (compare
R,,.1i values of Table 3). For instance, py exceeds the density value at the two
saddle point located 0.688 a.u. on either side of the maximum by about 5% (CI,
basis set C). It must be recognized, however, that the absolute value of the charge
density at the bond critical points (BCP) of Li, are exceedingly small, being for
instance, 20-30 times smaller than the corresponding values computed for C-C
or C-H bonds [26]. As anticipated, the accumulation of the bonding charge
which is a characteristic of the HF wavefunction, is reduced by the electron
correlation, which accordingly decreases the p,,/ps ratio. However, the effect
induced by the electron correlation is by far inferior to that caused by the inclusion
of polarization functions. For Basis A, the p,,/ps value is 1.14 and 1.12 for HF
and CI wavefunction, respectively, while the corresponding values are 1.06 and
1.05 for basis set C.

Surprisingly, the largest curvature of the charge density at the maximum position
is along the internuclear axis (A)) and the saddle point exhibits a positive A
curvature which is notably higher than A, , even if both curvatures are very small
in absolute value.

The presence of a maximum at the bond midpoint appears to cause some
difficulties in the interpretation of the Li-Li interaction. This difficulty disappears
however, when it is realized that the two Li atoms are not bonded one to another,
but rather both are bonded to the central non-nuclear maximum in p which
behaves as a pseudo atom. The properties of the two (3, —1) BCP’s thus character-
ize the nature of the bonding of each Li atom with the non-nuclear attractor.
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Fig. 1. Display of the gradient paths traced out by the vectors Vp in a plane containing the nuclei
in Li, (CI, Basis C, equilibrium geometry). The pair of trajectories which originate at the (3, —1)
BCP (denoted by a dot) and which terminate at the neighboring attractors define a bond path, i.e.
the line of maximum charge density linking the two attractors. The unique pair of trajectories which
terminate at the BCP and which mark the intersection of the interbasin surfaces with the plane of
the map are indicated by heavy lines. These latter make clear the partitioning of the molecule space
into three disjoint subspaces. Two basins have a Li nucleus as a (3,—3) attractor, while in the
central-one the Li-Li midpoint acts as an “anomalous” three-dimensional attractor. This is a non-
nuclear subspace (see text)

At the (3, —1) BCP the Laplacian is positive, due to the dominance of the A
curvature of p, the [A,|/A ratio is much smaller than one (0.31, CI, Basis C),
and the G;/ G, ratio, 25.0, is by far higher than one. These values are typical of
a “closed shell” interaction which is characterized by a dominant contribution
of the kinetic energy in the interaction region while the dominant potential energy
contributions are separated and localized within the boundaries of the two
interacting subspaces.

On the other hand, the central subspace (Fig. 2b) has a wide region characterized
by a negative Laplacian (which obviously integrates to zero over the whole
subspace, due to the zero-flux surface condition on Vp), thereby indicating a
concentration of charge and a dominance of the stabilizing potential energy
contribution in the Li-Li internuclear region.

These seemingly contrasting observations about the Li-Li interaction can be
reconciliated if one simply realizes that its very mechanism is to create the
anomalous central subspace. As a consequence, the properties at (3, —1) critical
point are no longer directly related to the nature of Li-Li interaction.

It should be emphasized that Li °S has its Laplacian maximum in the VSCC



/

Fig. 2a,b. Li,, CI, basis set C, equilibrium geometry. a Contour plot of p(r) in a plane containing
the nuclei. The values of the contours increase from the outermost one inwards in steps of 2x 10",
4x10" and 8 x 10" with n beginning at —3 and increasing in step of unity (the same contour were
used for the other maps of p). The pair of trajectories which originate (bond paths) or which terminate
at the BCP (denoted by dots) are superposed on the contour map. b Contour plot of V2p(r) in a
plane containing the nuclei. Dashed contours denote negative, solid contours positive values of Vp
(regions of charge concentration and charge depletion, respectively). The contour values in au are
+/-0.002, +/—0.004, +/—0.008 increasing in powers of 10 to +/—8.0. The outermost contour is
0.002 au (this set of contours is used throughout the paper for V2p). The local charge concentration
(3, —3) critical point in —V2p is located at the Li~Li midpoint and coincide with the local maximum
in p. Note the characteristic wide region of charge concentration (V2p < 0) in the internuclear zone
of the non-nuclear subspace
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Fig. 3a,b. Li,, CI, Basis C, Ry; ;;=4au. a Contour plot of p(r) in a plane containing the nuclei.
The (3, —3) critical point at the internuclear axis midpoint (Fig. 1 and 2a) disappeared and the usual
(3, —1) saddle point is formed (denoted by a dot). Therefore, the molecular space is divided in two
quantum subspaces only. b Contour plot of V?p(r) in a plane containing the nuclei. Because of the
compenetration of the valence shell charge concentration of the two Li atoms, a toroidal region of
maximum charge concentration is created around the Li-Li axis. The maximum in —V?p at the Li-Li
midpoint for the equilibrium configuration (Fig. 2b) is accordingly converted in a (3, +1) critical
point. This latter coincides in location with the (3, —1) p critical point (denoted by a dot)
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(Valence Shell Charge Concentration) at 2.488 a.u. (Basis B), a distance which
closely resembles the . of Li, (2.550 a.u.) and which is very large because of the
presence of just one electron in the valence shell. Though there is neither a
physical nor a mathematical direct relation between the spatial coincidence of
maxima in p and —V>p [28], the crude observation remains that a close similarity
between r, and the radius of the sphere in which the valence charge density is
maximally concentrated, complies with the creation of an anomalous mid-point
maximum in p.

By shortening the Li-Li distance to 4 au, the VSCC of the two Li atoms overlap
and a toroidal region of maximum charge concentration is created around the
Li-Li axis (Table 4 critical point in —V>p and Fig. 3b) and the usual BCP appears
at the Li~Li midpoint (CI, Basis C, see Table 4 and Fig. 3a).

Since the central non-nuclear subspace is a quantum subspace, it can be character-
ized also in terms of its average properties. As it is shown in Table 5, the
contribution to the total energy of non-nuclear subspace amounts to 0.1149 a.u.
only (as an obvious consequence of the lack of a nucleus) but its total electronic
charge is higher than one. The “free electron” nature of this charge is clearly

Table 5. Atomic properties (au) of quantum () subspaces of Li, evaluated at the MRD CI level with
basis A, B, and C

Q —E(Q)? N(Q)®° V(Q)© V/e(Q)4 Ar(Q)°
Basis set A

Li 7.3417 2.388 59.6 25.0 —0.22
0L, 0.1003 1.194 180.9 147.9 —
Li+Q,, 7.4420 3.612 240.5 66.6 —
Basis set B

Li 74114 2.567 85.1 33.2 -0.15
Q. 0.0690 0.866 122.4 141.3 —
Li+Q,, 7.4804 3.433 207.5 60.4 —
Basis set C

Li 7.3971 2.426 64.8 26.7 —0.15
o/, 0.1017 1.148 156.1 136.0 —
Li+Q,, 7.4988 3.574 220.9 61.8 —

@ The subspace energy E({}) is obtained by integration of the kinetic energy density (see Appendix)
over the basin of the subspace (E(Q) =—T(), where T({2) is the subspace kinetic energy). Due to
the fact that the virial theorem is not exactly satisfied at the employed level of theory, each integrated
kinetic energy was multiplied by the factor (y—1), y being the computed virial ratio, in order to
obtain a set of atomic energies that correctly sum to the total energy of the molecule

® Total electronic charge of Q, N(Q) =~ [, pdr

¢ The subspace volumes V() were computed as the region of space enclosed by the intersection of
the subspace surface of zero-flux and the 0.002 au envelope of the charge density

4V/e(Q) is the mean value for electron in Q, defined as V(Q)/ N(£)

® Ar(Q)) is the displacement of the centroid of negative charge of Q) from the position of its (3, -3)
attractor. A minus sign indicates that the centroid is displaced in the opposite direction of the line
joining the two Li nuclei

0, is the subspace associated with the non-nuclear attractor at the midpoint of the internuclear axis
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indicated by the comparison of the mean volume per electron values (V/e)
computed for the Li basin (26.71 a.u.) and the central non-nuclear subspace
(135.98 a.u.).

4. Analysis of the charge density in Li,, Lis and Li,
4.1. Li, cluster

The properties of p at its critical points are listed in Table 6. In Fig. 4a,b the
contour plots of p(r) and VZp(r) in the molecular plane are reported (xy, see
chart). In the same figures the Vp(r) trajectories, associated with the (3, —1)
critical points, are superimposed on the contour maps, thereby defining the
boundaries of the quantum subspaces of Li, and its associated molecular graph
(see Appendix). :

As shown in Fig. 4 the molecular space of Li, is partitioned in six basins: four
contain a nucleus while the remaining two do not. These latter non-nuclear
subspaces share their interbasin surfaces with each other and with the three
nearest neighboring atoms. The two (3, —3) non-nuclear attractors are individually
bonded to three Li nuclei and the two triplets of nuclei are linked only indirectly
through the bond path joining the two attractors.

The above analysis leads to the very important conclusion that the Li atoms are
not bonded directly to one another. There are no Li-Li bonds. The bond path
connecting the two non-nuclear attractors and the two bond paths connecting
the attractors to the same Li nucleus form a three-membered ring enclosing a

Table 6. p critical point data for Li(D,,), evaluated at the MRD CI level with basis A and B*

Critical
point [m® Ry p1in® A 107 A,-10°  A;-10° p-10° Vip-10° H-10° &

Basis set A
3,-1) Ill 2.551(1) —-3.14 -1.92 2.48 0.81 —2.58 —-1.56 0.63
(3,-3) |2 2.618 (3) —3.15 —3.04 —1.28 1.15 —7.47 ~2.17 —

: 3.653 (1)
3,-1) 13 1.745 (3) —3.36 -1.96 28.30 1.02 22.98 —0.32 0.71
(3,-1) |4 1.774 (1) —3.68 —2.08 27.80 0.84 22.04 0.28 0.77
3,+1) (5| 1.838 (1) -2.46 1.80 1.58 0.75 15.17 —-0.23 —_
Basis set B
(3,-1) |1 2.551 (1) —3.14 —-1.94 1.27 0.92 —3.80 -1.96 0.62
(3,-3) 12| 2.287 (3) —3.11 -2.56 ~1.23 1.13 —6.89 —-2.26 —

3.896 (1)

3,-1)3| 1.914 (3) —-3.30 -1.87 6.21 1.12 1.05 -2.26 0.77
3,-1) 4| 1.917 (1) —4.11 -2.00 9.67 0.98 3.57 —1.82 1.06
(3,+1)15) 1.968 (1) —3.40 1.26 6.32 0.90 4.18 -1.71 —

2 All quantities in au

b The number in bracket is the critical point identification number reported in Fig. 4a

° The atom to critical point distance refers to the lithium atom whose identification number is reported
in parentheses (see Fig. 4a)
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a

Fig. 4a,b. Li,(D,;), CI, Basis B. a Contour plot of p(r) in the molecular plane. The pair of overlayed
Vp trajectories which originate at the BCPs {denoted by dots and by the identification number
reported in Table 6) define the molecular graph for Li,. Accordingly, Li atoms are not linked each
other but are bonded only to the non-nuclear attractors (labelled as 2). The Vp trajectories which
terminate at the BCPs are indicated by heavy lines and partition the molecular space in six quantum
subspaces, two of which are non-nuclear subspaces. b Contour plots of V?p(r). Dashed contours
denote negative, solid contours positive values of V2p(r), respectively
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surface within which the charge density attains a minimum value at the (3, +1)
critical point (labelled as 5 in Fig. 4a). Due to the symmetry of the system there
are two of such rings, sharing a common side.

The different bond critical points (see Table 6) yield a hierarchy:

(i) BCPs between a non-nuclear attractor and a lithium center which has two
nearest neighbors (hereafter denoted as Li(2nn) atom. Each Li(2nn) atom has
just one BCP, labelled 3 in Fig. 6.

(ii) BCPs between a non-nuclear attractor and a Li atom which has three nearest
neighbors (hereafter denoted as Li(3nn)). Each Li(3nn) has two BCPs, the one
labelled as 4 in Fig. 6 and its symmetric one.

(iii) BCPs between the non-nuclear attractors.

Each non-nuclear attractor has in overall four BCPs; one of the type non-nuclear
- non-nuclear (BCP 1 in Fig. 6), one of type non-nuclear - Li(2nn), and two of
type non-nuclear - Li(3nn).

The charge density computed at the BCPs 3, 4, and 1 of Fig. 6 amounts to 1.02,
0.84 and 0.81 au for Basis A, and 1.12, 0.98 and 0.92 au for Basis B, respectively.
These values agree with the above reported ordering scale. It should be noted
that the charge density at BCP 1 is a local maximum along the y direction, that
is the line joining the two Li(3nn) atoms. The situation is in some respect similar
to that occuring in the Li, molecule. However, the two Li(3nn) atoms are no

Liy Li Lig Lig
P

Li Li

L1 Li
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a

Fig. 5a,b. Lis (C,,), CI, Basis A. a Contour plot of p(r) in the molecular plane. The BCPs are
denoted by dots and by the identification number of Table 8. Borders of the quantum subspaces are
indicated by heavy lines. There are three non-nuclear subspaces, whose attractors are the critical
points 1 and 2. b Contour plots of V2p(r). Dashed contours denote negative, solid contours positive
values of V?p(r), respectively
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\\_/////’/

Fig. 6a, b. Lig (D;,), CI, Basis A. a Contour plot of p(r) in the molecular plane. The BCPs are
denoted by dots and by the identification number of Table 9. Borders of quantum subspaces are
indicated by heavy lines. The three non-nuclear attractors (labelled as 1) are all linked to each other.
b Contour plots of V2p(r). Dashed contours denote negative, solid contours positive values of V2p(r),
respectively
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Table 7. Atomic properties (au) of quantum  subspaces of Li, evaluated at the MRD CI level with
basis A and B

Q -E(Q)* N(©Q)® V(Q)© V/e(Q)! Ar(Q)°
Basis set A

Li, 7.2858 2112 31.4 149 —-0.28
Li, 7.3673 2.432 71.1 292 -0.01
o, 0.1425 1.456 216.3 148.6 —
Basis set B

Li, 7.3697 2.229 48.6 218 —-0.21
Li, 7.4315 2.634 96.6 36.7 -~0.03
Q7 0.1001 1.137 168.7 1483 —

2-d See the corresponding footnotes in Table 5

® A minus sign indicates that the centroid of negative charge is displaced in the opposite direction
with respect to the equivalent Li nuclei

£Q,., is one of the two non-nuclear subspaces

longer indirectly linked through a central basin, since they have increased their
“valence” to two in order to be able to link the two non-nuclear attractors. The
mechanism which splits each of the bond paths in Li, into two distinct bond
paths forming an angle of 95°, results in the formation of a ring critical point
(denoted as 5 in Fig. 4a).

The quantum theory of atoms in molecule can determine to what extent the
atomic properties - including net charge, atomic dipoles, energies, volumes - are
transferable between molecules [29]. In the present context, the Li(3nn) and
Li(2nn) atoms are expected to exhibit quite different atomic properties, due to
the noteworthy difference in their charge distribution. As shown in Table 7,
Li(2nn) has 0.405 electrons more than Li(3nn), a basin volume twice larger than
that of Li(3nn), and a V/e value 1.7 times larger. Li(2nn) is also more stable
than Li(3nn) by 38.7 kcal/mol (Basis B) as a consequence of its greater electronic
charge.

The comparison with the corresponding properties (Table 5) indicates a close
similarity of the Li(2nn) atoms of Li, with those of the Li dimer. The Li(3nn)
atoms increase their “valence” at the expense of their energy.

These considerations on the charge density topology can also rationalize the
important differences found in the Mulliken population data. Li(3nn) atoms have
a total s and p occupancy equal to 2.5 and 0.3 electrons, respectively, while the
corresponding values for Li(2nn) atoms are 3.1 and 0.06 {Basis A). Furthermore
the p, population on Li(3nn) is about 6 times larger than the p, occupancy. A
population analysis based on Lowdin partitioning, gives results which further
confirm the differences between Li(2nn) and Li(3nn) atoms.

These results shed light on the mechanism which makes the p polarization
functions so important for the description of stable Li clusters. In this respect
Li(2nn) and Li(3nn) atoms turn out to play a quite different role just because
of their different degree of sp hybridization. Furthermore, this fact indicates that
a conventional EDM analysis of the electron density redistribution in Li, caused
by the bond formation is, to a large extent, arbitrary, due to the basic difficulty
to uniquely define a reference electron density for isolated atoms.
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As shown in Table 7, each non-nuclear subspace created by the mutual approach
of the four Li atoms, encloses a charge of 1.456 e (Basis A) and has a V/e value
of 148.6 a.u. Overall the two non-nuclear subspaces possess a charge and a volume
that amount to 24% and 68% of the total molecular electronic charge and volume.
These values are slightly higher than those computed for Li, (Basis A): 20% and
61%, respectively.

The comparison of the results so far described for Li, and Li, allow one to
anticipate the very important conclusion that, as the cluster grows, the non-nuclear
subspaces not only preserve but even increase their number, extension and charge
as well.

The p values at BCPs (Table 6), though differentiated by their topological nature,
indicate that the overall charge density distribution in the central region of the
cluster is nearly flat.

A few comments are in order as for the different descriptions given by different
basis sets. The comparison of the values of Table 3 shows some discrepancies
between results obtained with basis A and B. While basis B gives a general
lowering of charge density with respect to Li,, the basis A indicates an increase
of p value at the non-nuclear maxima and saddle points of type 7) [30]. However,
the important observation is that both basis sets describe the electronic charge
in the central region of Li, as spatially diffuse. In fact, the ellipticity values ¢ at
the saddle points, with & ranging from 0.62 to 1.06 (Basis B) and from 0.63 to
0.77 (Basis A) show a high degree of # character for non-nuclear - Li and
non-nuclear - non-nuclear bonds and the direction of the eigenvectors associated
with the A, curvature indicate that the charge is preferentially accumulated in
the molecular plane. As expected from its noteworthy sp hybridization the highest
ellipiticity is found for the bond path associated with the Li(3nan) atoms (& = 1.06,
Basis B), a value higher than that found in cyclopropane: £ =0.49 32, 33].

The preferential in-plane accumulation of charge density in the non-nuclear
region of Liy is also clearly illustrated by the variations in the values of the
components of the quadrupole moment Q;;, (i =x, y, z) [34] for a cluster atom,
say a Li(2nn) atom, when a non-nuclear subspace is also included in the integra-
tion. The highly negative value (—2.55 au, Basis B) for the Q,, component of
Li(2nn) atom, is strongly lowered (Q,, = —0.31 au) for the combined Li(2an) and
non-nuclear subspace and becomes even highly positive in the case of minimal
basis set (4.95 a.u.).

All the BCPs but 1 - the saddle point joining the two non-nuclear attractors -
exhibit a positive value of V>p like in Li,. The negative V7p value at critical point
1 (=3.80x107° a.u., basis B) is clearly due to its ambivalent nature. Since BCP
1 is a maximum along the Li(3nn)-Li(3nn) line, its V>p value is expected to be
negative as found in Li,. However, its absolute value is lowered with respect to
the diatomic case (—10.40 x 10> au, basis B) because BCP 1 also connects two
non-nuclear attractors.

Overall, the internuclear region associated with the innermost part of the two
non-nuclear subspaces, has a negative Laplacian, as in the case of Li,. This
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Table 8. p critical point data for Lis(C,,), evaluated at the MRD CI level with basis A*

Critical
point [m]®  Rypym®  A;-10°0 A;-10° A;-10° p-10>  Vp-10° H-10° ¢

G,-3) 1 2931(1) 249 ~187 -165 0.8 -601  -174 —
(3,-3)2|  2632(3) 274 —259 098  1.04 -631 -184 —
3733(1)
3.896 (5)
G,-D3  1770(3) 300 -161 2401 094 1939  —032 0.6
G,-Dl4  1791(1)  -3.08 —181 2393 0.80 19.04 015 070
G, -5 1.795(5) 329 -202 2495 074 19.64 038  0.63
3,-16] 1.809(1)  -279  -174 2004 077 1551  —023  0.60
G,-1D7  2381(1)  -235 —1.74 158 072 -251  —130 035
3.574(5)
(G,+1)/8  1.891(5)  —187 1.26 126 055 12.04 014  —
4325(1)

2 All quantities in au

® The number in bracket is the critical point identification number reported in Fig. 5a

° The atom to critical point distance refers to the lithium atom whose identification number is reported
in parentheses (see Fig. 5a)

confirms that the stabilization is predominantly due to the lowering of potential
energy which occurs in this region characterized by a flat and delocalized elec-
tronic distribution (Fig. 4b).

4.2. Lis cluster

The properties of p at its critical points are listed in Table 8. The contour plots
of p(r) and V>p(r) are displayed in Fig. 5a, b, respectively. The Vp(r) trajectories
(overlayed on the p contour map) associated with the (3, —1) critical point, show
that the molecular space is partitioned in eight quantum subspaces: five contain
a Li nucleus, while the remaining are non-nuclear subspaces.

Non-nuclear attractors like 2 in Fig. 5a are linked to a Li(2nn), a Li(3nn), and
a Li(4nn) atom and to the unique non-nuclear attractor labelled as 1. This latter
is also bonded to two Li(3nn). The molecular graph of Li; (Fig. 5a) makes clear
that Li atoms are not directly bonded among themselves, as it has been found
in the case of rhombic Li,. Similarly, the non-nuclear attractors all have a formal
valence equal to four, while the Li atoms are unable to increase their valence
beyond two: the valence is one for Li(2an) and two for Li(3nan) and Li(4nn)
atoms. In particular, since the valence of Li(4nn) is already saturated by the
non-nuclear attractors of type 2, Li(4nn) cannot be bound also to the non-nuclear
attractor 1, which, in fact, is located far from Li(4nn) and slightly displaced
outwards (0.1 a.u.) with respect to the line joining the two Li (3nn).

It is apparent that the Lis cluster would need an additional atom in order to
recover the favourable pattern for planar clusters, i.e. maxima in the interior of
the triangles [35]. It should be noted also that these maxima have a higher p
value (1.04x107?a.u.) with respect to the edge maximum (0.88x107°a.u.)
because of the positive interference effect of a 3-atom instead of a 2-atom
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interaction. Similar results were obtained also for Li, though the p value at the
critical point 1 (Fig. 4a) is further reduced due to its ambivalent nature (see above).

The bond critical points of Lis can be classified on the basis of considerations
similar to those commented for Li,. For the sake of conciseness, we just note
that the p values at the BCPs are in general smaller than the corresponding values
in Li, and Li, (for example, the p value for Li(2nn) - non-nuclear BCP is
1.02x1072 and 0.94 x 10"% au for Li, and Lis, respectively) and can be ordered
according to the sequence Li(2nn)> Li(3nn)> Li(4nn)>non-nuclear. In fact,
the highest value is found for Li(2nn) - non-nuclear BCP and the lowest one

(0.72x 107 a.u.) pertains to the non-nuclear - non-nuclear BCP (labelled as 7
in Fig. 5a).

Also the different saddle points of Li(3nn), which connect two different types of
non-nuclear attractors, are well characterized and the different values of charge
density, ellipticity and energy density of BCPs 4 and 6 can be rationalized by
considering that the non-nuclear attractor 1 is an edge maximum.

The ellipticity values at the saddle points and the out of plane direction of the
eigenvector associated with the A, curvature, indicate a preferential accumulation
of charge in the molecular plane, as for Li,. The only exception is BCP 7 which
has a low value of ellipticity and a preferential out of plane charge accumulation.
BCP 7 is located between two regions of in-plane charge accumulation and its
apparently anomalous properties (Table 8) confirm the regional localization (i.e.
edge, triangle) of the in-plane charge accumulation.

Furthermore, the A, curvature at BCP 7 is exceedingly small (typically one tenth
of the corresponding value for the other BCPs) thus indicating a general flatness
in the inner region of the cluster. It is precisely the low value of A; which makes
negative the Laplacian at BCP 7, in agreement with both its location in'the region
in which the potential energy dominates (Fig. 5b) and with its particular nature;
a BCP generated by the interaction of two non-nuclear attractors.

Table 9. p critical point data for Lig(D;,), evaluated at the MRD CI level with basis A*

Critical

point [m|®  Re,im© X100 A,-10° A5-10° pe 102 Vp-10° H-10° ¢

(3,-3)1]  2.692(3) ~2.83  -245 -116  1.06 —6.44 178 —
3.921(1,6)

(3,~1) 2] 1.765(3) -3.07  -—1.86 2514 094 2022 023 0.65

G,-D3* 1.793(1) -327  -2.38 2503 075 19.38 037 038

(3,-1) |4  2.368(6) ~1.13  -095 1.82 050 -027  -0.73 0.8
4.140 (1)

(3,+1)]3] 3.476(1,2,6) —1.20 0.76 077  0.48 0.33 053 —

# All quantities in au

® The number in bracket is the critical point identification number reported in Fig. 6a

¢ The atom to critical point distance refers to the lithium atom whose identification number is reported
in parentheses (see Fig. 6a)
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4.3. Lig cluster

The properties of p at its critical points are listed in Table 9. The contour plots
of p(r) and V?p(r) are displayed in Fig. 6a and 6b, respectively. Lis consists of
nine quantum subspaces; six of them contain a nucleus, while the remaining
three are non-nuclear subspaces. Because of the symmetry of the system, the
non-nuclear attractors are all equivalent, linked to each other and exhibiting a
“valence” increased to five.

The topology of the charge distribution indicates the existence of four three-
membered rings. The central one, which is delimited by bond paths strongly
curved inwards, is formed only by the non-nuclear attractors, while one vertex
of the other equivalent three rings is a Li(4nn) atom.

The charge density properties at BCP labelled as 2 and 3 in Fig. 6a, closely
resemble the corresponding BCP values for Li(2nn) and Li(4nn) in Lis cluster,
aside lower ellipticity values. This and the corresponding similarity found for
the non-nuclear maxima values, strongly suggests that the BCP properties are
nearly transferable from cluster to cluster.

The topology of Liz confirms that lithium planar clusters prefer a structure made
up by Li triplets of atoms which are only indirectly linked through non-nuclear
maxima. Each triplet is composed of one Li(2nn) and two Li(4nn) atoms. As in
the case of Lis, a maximum can not be found in the innermost triangle because
of the incapability of Li(4nn) atoms to increase their “valence” beyond two. On
the contrary, the non-nuclear attractors are more flexible in expanding their
“valence”, due to their not atomic-like nature.

The separate localization of the charge accumulation in the outermost triangles
is further confirmed by the positive value of the Laplacian in the internal triangle.

Finally, it is interesting to note that as the planar clusters grow, the nearest
neighbor distances increase (Table 1) and so do, on average, the Li-BCP separ-
ation. However, the BCP shift is comparatively much smaller. In fact, the
Riipep/ 1. ratio is 0.34 for Li, and ranges from 0.30-0.31 for Lis to 0.29-0.30 for
Lic. These data suggest that the cluster increases its nearest neighbor distance
value, with respect to Li,, in order to maximize the spatial extension of non-nuclear
subspaces. The integration data reported for Li, further confirm this view.

5. Conclusions

It has been demonstrated [ 18] that subspaces of a molecular system are quantum
mechanically well-defined provided they are bounded by zero-flux surfaces in
Vp at each point of the surface. However, there is no a priori indication that these
subspaces should be associated with an atomic region. Nonetheless, the observa-
tion that the number of subspaces in a molecule usually equals the number of
its constituting atoms and that each subspace contains just one atomic nucleus,

has compelled to the identification of these subspaces with the atoms in a molecule
[18].
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The results obtained here clearly indicate that in unusual chemical entities like
lithium clusters, subspaces do exist which do not enclose a nucleus. Nevertheless,
they possess a point in their domain which is a sink for the gradient vector field
of their associated basin. This is a striking indication of the peculiar chemical
nature of Li clusters and, at the same time, a generalization of the quantum
theory of atoms in molecules to systems in which electrons partially behave as
mobile metallic electrons.

By examining two-dimensional closed-packed arrays of Li atoms, Goddard and
McAdon [15] point out the general result that GVB orbitals are localized at the
centers of triangles (2 singly-occupied GVB orbitals, singlet paired), while surface
(edge) regions have orbitals localized at bond midpoints, a description which
qualitatively agrees with our results.

The advantage of the analysis carried out in the present work is to provide a
quantitative estimate of the charge (and charge dependent properties)
modifications accompanying the bond formation of a given cluster and the cluster
growth process.

The role played by the formation of p maxima in triangular units in stabilizing
the cluster is well documented by the computed incremental binding energy per
atom for the cluster growth Li, - Li,: AE,_, =(E,— E,)/(b—a), where E; is the
mean atom energy E,/i. The relatively high AE,_, value, 1.88 kcal/mol, is due
to the creation of two “triangular’” maxima and the annihilation of two “edge”
maxima. AEs_, is smaller than AE,_, (0.75 kcal/mol) because only one additional
edge maximum is formed, while AE,_s increases to 1.38 kcal/mol because of the
formation of a third triangular maximum, at the expense of an edge maximum.

The maxima located in triangles defined by the Li atoms not only are responsible
for the cluster stability increasing with the nuclearity but show a high degree of
transferability from cluster to cluster, also from a geometrical point of view. In
particular, the non-nuclear maxima are not equidistant from the Li atoms to
which they are bonded but the distances R, 1ix..) are nearly constant for a given
X. In fact, in the series Li,, (n =4, 5, 6) the R, 1i(xnn) distances vary in the ranges
2.618-2.692, 3.653-3.733, and 3.896-3.921, for X =2, 3, 4, respectively.

Finally, it should be mentioned that some preliminary investigations carried out
on the Lig(Cs,) cluster (see Chart) have shown that non-nuclear maxima occur
on the triangular faces of the pentagonal pyramid, a result confirming the
conclusions drawn for the planar clusters, despite the presence in Lig (Cs,) of
the apical atom characterized by high connectivity index and, probably, by an
unusual formal valence.

Appendix

The theory of molecular structure has been discussed extensively in literature (see for instance
[18a, b]). Here we summarize only the essential points which are pertinent to the discussion of our
results and which were not anticipated in the text.

In Table A1 are collected the main parameters used in the topological analysis and their corresponding
notations.
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Table Al. Definition of the main parameters used in the topological analysis of electron density®

Parameter Density parameters

p(r) Electron density at the point r

A; Principal curvatures (eigenvalues of M) of p at critical points (A; < A, < A3)

€ Ellipticity (anisotropy) of p at bond critical point; & =(A,/A,)—1; A; and A, are
principal curvatures perpendicular to the bond path

—V2p(r) Negative of the Laplacian of p(r)

7y Principal curvatures u; of —V?p at a critical point of the —V?p(r) scalar field
(1= po = p3)

G(r) Local kinetic energy density at r; G(r)=3VVTXr, #)|,_, where [''(r, #) is the
one-particle density matrix

H(r) Local energy density at r, H(r)= G(r)+ V(r) where V(r) is the local potential
energy density

M Hessian matrix of p

® The symbols related to the integrated properties are reported in Table 5

The molecular charge distribution is described by the scalar function p(r, X), where r is a vector in
the ordinary three-dimensional space R® and X represents any set of nuclear coordinates in the space
of nuclear configurations R? The chemical structure of a molecule can be unambigously assigned
by determining number and kind of critical points of its electronic charge distribution, that is the
points where the gradient of p (the vector Vp of the first derivatives of p) vanishes. The collection
of the second derivatives of p, evaluated at the critical point r, defines the real 3 x 3 symmetric Hessian
matrix. The principal curvatures of p at r. (i.e. the eigenvalues of the Hessian, A;, (A;<A,<};))
define the rank p and the signature g at the critical point ( p, g). The rank of a critical point is given
by the number of non-zero eigenvalues, and its signature is the algebraic sum of their signs.

There are only four possible ﬁon—degenerate critical points in R?, namely (3, =3), (3, —1), (3, +1),
and (3, +3). The critical points of the type (3, +3) and (3, —3) are associated with a local minimum
and a local maximum in p(r), respectively. With some important exceptions (see Text) a local
maximum in p(r) can occur only at the position of a nucleus. The collection of all integral curves
(named gradient paths) r(8)=ry+[5 Vp [#(t), X] dr which are solutions of the differential equation
dr(S§)/dS=Vp [#(S), X] for some initial value r{0)=r,, and which in general will terminate at a
given (3, —3) critical point, defines a subspace in R?, which is the basin of that critical point. Therefore,
the (3, —3) critical point (usually a nucleus) acts as an attractor for its basin. The union of a nucleus
and its basin defines an afom in the molecule.

Two adjacent basins are separated by an interbasin surface S(r), through which the gradient vector
field of p has zero flux (i.e. Vp(r) - n(r)=0, Vre S(r), where n(r) is the unit vector normal to the
surface at r).

Due to its zero-flux properties, any interbasin surface is generated by the gradient paths which
terminate at a critical point contained in the same surface. This is a (3, —1) critical point, i.e. a two
dimensional attractor, and is called a bond critical point (BCP). In fact, the eigenvector of the positive
curvature at BCP gives the initial direction of two gradient paths which terminate at two neighboring
(3, —3) attractors, thus defining a bond path. Along a bond path p is maximum with respect to any
lateral displacement.

The existence of a bond path linking two (3, —3) attractors is a necessary condition for the existence
of a bond between the two attractors. The network of bond paths for a molecule in a given nuclear
configuration defines the molecular graph. This latter describes a topological structure that is usually
in one-to-one correspondence with chemical bond networks commonly drawn (at least for conven-
tional chemical systems).

Also the critical points of the type (3, +1) and (3, +3) have a chemical meaning. The eigenvectors
associated with the two positive eigenvalues of the Hessian matrix evaluated at a (3, +1) critical point
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generate a surface (named ring surface) in which the (3, +1) critical point (ring critical point) is a
minimum in p. The axis perpendicular to the ring surface at the ring critical point, along which p(r)
is a maximum, is the intersection of the boundaries of the atomic basins forming the ring (see Figs.
4-6).

Finally, the (3, +3) critical point is associated with the minimum in the charge density inside a cage.
A (3,+3) critical point, a cage critical point, is common to all the interatomic surfaces of atoms
forming the cage.

The properties of p at BCPs allows a quantitative analysis of the characteristics of a bond. The p
values at BCP correlate with bond lengths [37] and bond orders. These relationships have been
proposed in particular for C-C bonds in organic molecules [26, 37].

Very useful information on the shape of the charge distribution along the bond is given by the
principal curvatures (A;) of p at BCP. The asymmetry of the charge distribution in a plane perpen-
dicular to the bond path may be appreciated considering the ratio £ = (A;/A,) —1 of the two negative
curvatures of p at the BCP. The ¢ quantity, called ellipticity of the bond, gives a measure of the
deviation of the charge distribution from cylindrical symmetry and thus is correlated with the amount
of 7 character of a bond [26].

The total charge density normally exhibits local maxima only at the positions of nuclei and its
topology, while providing the basis for the definition of atoms and molecular structure, gives no
indication of concentration of charge as anticipated in terms of the Lewis electron pair model or
localized orbital models of electronic structure.

A scalar field (such as p(r, X)) is concentrated in those regions of space where its Laplacian is
negative and depleted in those where it is positive. Therefore, the Laplacian of the charge density,
the quantity VZp(r) =Yi-13 azp(r)/ax]z, determines the regions of space wherein electronic charge
is locally concentrated or depleted. The form of the Laplacian of p for an isolated atom reflects its
shell structure since it exhibits a corresponding number of pairs of spherical shell of alternating
charge concentration and charge depletion (the inner shell of each pair being always the region of
charge concentration) [36].

The valence shell of charge concentration (VSCC) of an isolated atom possesses a spherical surface
over which the charge is maximally concentrated {for each point of this surface V(~V?p)=0, and
each point on this surface is a (1, —1) critical point; two of the curvatures of —V?p are zero and the
third curvature, the one along a radial line, is negative). The VSCC of an isolated atom is disturbed
upon chemical combination through the creation of local maxima and local minima in —V?p all
keeping in the neighbourhood of the “atomic™ spherical surface of maximum concentration. The
numbers, location and relative sizes of the bonded and nonbonded concentration of charge in VSCC
for a bounded atom are found to be in general agreement with the corresponding properties that are
ascribed to bonded and nonbonded electron pairs in models of electronic structure. It is important
to note that stationary points in the Laplacian of p do not determine maxima or minima in p itself,
but rather the points where the electronic charge is locally compressed (VZp < 0) or expanded (V?p > 0).

The critical point of the Laplacian of p are classified in the same way as the p critical points, through
the analysis of the rank and signature of the eigenvalues (u;, i =1-3) of the Hessian of —V?p.

A second point is of interest [18¢, 36]. Due to the local (pointwise) form of the virial theorem

(h%/4m)V3p(r) = V(r)+2G(r)
H(r)y=V(r)+G(r)

it is possible to associate regions where the charge is locally concentrated with regions where the
stabilizing contributions of the potential energy are dominant. In the above equation V(r) and G(r)
provide the potential and the kinetic energy of the atom in molecule when integrated in the atomic
basin or of the molecule itself, when integrated over the overall molecular space. H(r) is the local
energy density.

So the possibility to relate regions of concentration and depletion of charge with corresponding
regions of dominant potential energy decrease and kinetic energy increase, respectively, form a basis
for the classification of atomic interactions [ 18¢]. Interactions resulting from sharing of charge density



Bonding in lithium clusters 457

between atoms (covalent and polar bonds) are characterized by dominant negative curvatures of p
in direction perpendicular to the line of interaction, concentration of charge in the internuclear region
and V2p <0, so indicating that the potential energy contribution to the virial from this region is
greater than the contribution from the kinetic energy.

Interactions between closed-shell atoms (ionic bonds, hydrogen bonds, Van der Waal’s molecules)
are governed by the contraction of charge toward each of the interacting nuclei, with consequent
dominant positive curvature of p in direction parallel to the line of interaction. Electronic charge is
depleted in the interatomic surface, V?p > 0 and the mechanics of interaction is characterized by the
relative large value of the kinetic energy, particularly the component parallel (G;) to the interaction
line. So the regions of dominant potential energy contributions are separately localized within the
boundaries of each of the interacting atoms or molecules.
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